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Starting point: The conservation laws

O,N" = 0 charge conservation
0,1 =0 energy-momentum conservation
0,5" > 0 24 Jaw of thermodynamics
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Ideal fluid decomposition

Ideal fluid dynamics <= local thermal equilibrium f(z,p) = feq(z, D)
<= collision time scale < macroscopic time scales

d? .
Nt = /fpp“f(x,p) = nut n = (net) charge density
d>p :
T = Fp“p”f(x,p) e = energy density
= (e+p)uru” —pg"” p = pressure
= eulu” —p AP APY = gt — uFu”
St = suF s = entropy density
First law of thermodynamics: Ts=p—pun-+e

O N* =8, TH =0 — 0,5" =0

(in absence of shock discontinuities, entropy is conserved)
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Ideal fluid equations (in comoving frame)

Convective and transverse derivative: (9“ = utD + VH
D =uv"0,, VHF=AMQ,

n=-nb :
f=u"0,f = Df = time derivative in

e=—(e+p)b

(e +p) local rest frame
= VP -

e+ p 6 = 0 - u = local expansion rate

p=pnc _
(7, ) equation of state (EOS)

6 equations for 6 unknowns: n, e, p, u*
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Non-ideal fluid decomposition

f(x,p) = feq(z,p) + 6 f(2,p)

n=u,N"
p p p V= AN, = charge flow in L.r.f.
Nt = nut+4+V
_ B 4 SN e=u,T"" u,
- et [I=—iA,,TH — p = viscous bulk pressure
THY = eufu” — pAH” - = P
A L WH= u’T,\AM = energy flow in |.r.f.
_ 174 —I_ T 1%
Wt WY = ¢/ + “2VH g" = heat flow in |.r.f.
+ WHU +Wru n
= THY 4 §THY V= TiHv)
— eq -+ — [1 APITAVT L AHTAVT) — lAIu,I/ATO' T
S = syt + oM - [2( + ) 3 ] TO
— viscous shear pressure tensor (m"=0
= SL, +o5" 7
) s= u,S"

dl= AH”S,, = entropy flow in L.r.f.
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Frame choice and matching conditions

The local equilibrium distribution f..(x,p) (with local temperature 7'(x)
and chemical potential ;.(x)) that best matches the non-equilibrium f(z, p)
is defined by the matching conditions

u, 0T" uy, = uy, ON" =0

Local rest frame is ambiguous:

Eckart frame: VE =0, ¢#
Landau frame: WH =20, g/

WH
_erpyp
mn

(Intermediate frames also possible.)

—> Need 14+ 3+ 5 = 9 additional equations for II, ¢, 7"" from underlying
transport theory.
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Non-ideal fluid equations

n = —n—-V-V+V.u
¢ = —(e+p+I0+m,VHUW -V -W+2W -4
(e+p+Il)u* = VHp4+II) - A*Vor,, + 71740,

— AW, + WHO + (W - V)uH]

Depending on frame, can set either V¥ =0 or W# =0. In Landau frame
(W*#=0) and for baryon-free systems (n = 0, no heat conduction) equations
simplify to:
¢ = —(e+p+10)0+ 7, ViHuy?
(e+p+ID)a* = VHp+1) - A*Vor,, + 7,

Need extra equations for bulk and shear viscous pressures 11, /",

Follow Chapman-Enskog strategy: write f(z,p) = foq(p-u(x): T(x), p(x))+
0 f(x,p) and assume that 0 f < f (and thus 6 N* and §T+") can be expanded
in gradients of equilibrium parameters 1°, 1, u,,.
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The second law of thermodynamics (1)
In equilibrium the identity T's = p — un + e can be rewritten as
Seq = p(a, B)B" — aNL, + B TLY
where a = /T, B =1/T, and " = u*/T.
The most general off-equilibrium generalization is (Israel & Stewart 1979)
St =p(a, B)B* — aNH + B, TH + QH(ONH,§TH")

where ()" is second and higher order in the off-equilibrium deviations 0 /NV#
and o TH",

The Gibbs-Duhem relation dp = sd1' 4+ ndu can be recast as

u(p(a, B)B") = NlgOua — TL 0,5,
Using also the conservation laws, the entropy production rate takes the form

0,5" = —6N"0,a + 0T""0,3, + 0,Q"
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The second law of thermodynamics (1)

In the Chapman-Enskog spirit, one now postulates linear relations between the off-
equilibrium flows dN*, 6T"” and the thermodynamic forces 0", 8(“[3”), consistent

with the second law
0,5" = —SN" 0,0+ 6T 8,8, + 0,Q" > 0

These relations depend on the choice of (Q*. Standard dissipative relativistic fluid dynamics
assumes Q" = 0. In this case

1?2 qgtq TP 3
1T0,S" =1IX — gl'X ) G— — - 2 >0,
M q K + 7 (pnv) C INT + 277 —

with thermodynamic forces X = —V - u = —0, X" = VTMT — = —%V“ (%) and

Xy = Vuu,y, can be satisfied by setting

M=-C0, ¢"=- 2LVr (L), o =2)Viy”

with positive transport coefficents ¢ > 0, A > 0, and n > 0.
Unfortunately, plugging these equations for II, ¢", and «"" directly into the non-ideal
hydro equations leads to acausal signal propagation.
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The second law of thermodynamics (l11)

Causal relativistic fluid dynamics requires keeping Q" in the entropy flux, at least up to
terms of second order in the irreversible flows.

I

SH — sut + qa + Q"
T
Setting ¢” = 0 (n = 0) for simplicity, we get up to second order

SH = sut — (BoII* + ﬁzmw“)—

This yields (after some algebra)

. %
T9,8" = I [—9 — Boll — 11 T8, (ﬁou )]
2T
o . u”
+ p [V<au5> — 6271'@5 — Tap T@M (622T ):|
I1° Pr,

! >0
Y 27

The thermodynamic forces —60, V ,ug) are seen to be self-consistently modified by the

irreversible flows II, m,3. This leads to dynamical (“transport™) equations for II, 7,z.
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Transport equations for the irreversible flows

The resulting transport equations for II, 7,3 are

. 1 THU'LL 1
I = — |II4+¢O+1ICTO ~ —— [II 6
o —l_C + C M<2CT>] 7_1_[[ —I_C]
A, A gy i L 2V + g, [ L
o vT0 = —— |TaB — al Mo
p=p T i B < 6> 577 % 277T
1 -
— 7:(&5 N —— |TaB — 2(V<au5>] — (uawﬁy—i—umray)uy

where we introduced the relaxation times 71 = (3o, 7. = 2n3>. In principle,
both (, 1 and 711, 7 should be calculated from the underlying kinetic theory.

The purple terms are of second order in the derivatives of the thermodynamic
equilibrium quantities and, in the regime of validity of the approach, should
be neglected relative to the other terms.

[Keeping them would require also keeping third-order terms in the entropy flow Q" for
consistency, and would modify both the effective local relaxation times 711, and the
viscosities 77, ¢ by amounts which depend on the local hydrodynamic expansion rate.]
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Viscous relativistic hydrodynamics (Israel & Stewart 1979)

Include shear viscosity 7), neglect bulk viscosity (massless partons) and heat
conduction (up ~ 0); solve

0, TH =0
with modified energy momentum tensor
T (z) = (e(z)+p(2))u (z)u”(z) — g*'pl(z) + 7.

" = traceless viscous pressure tensor which relaxes locally to 27 times
the shear tensor V{*4*) on a microscopic kinetic time scale 7,

Dt = 1L (77“” — 277V<“u’/>) — (u“w”—ku”ww‘) Du,

 Tr
where D = u*0,, is the time derivative in the local rest frame.

Kinetic theory relates 1 and 7., but for a strongly coupled QGP neither 7 nor
this relation are known = treat ) and 7. as independent phenomenological

parameters. For consistency: 7,0 < 1 (6 = 0"u, = local expansion rate).
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(141)-d viscous hydrodynamic equations
(Muronga & Rischke 2004, Chaudhuri & Heinz 2005)
[For (2+1)-d viscous hydrodynamic equations see Heinz, Song & Chaudhuri, nucl-th/0510014]

Azimuthally symmetric transverse dynamics with long. boost invariance:

Use (7,7, ¢,n) coordinates and solve

e hydrodynamic equations for 77" = (e+P)y:—P, T = (e+P)vv,
(with “effective pressure” P = p—r?7??—727"") together with

e kinetic relaxation equations for 7®?, 7"":

Lo rr7) o e ) = A
—0, (rT7) + 20, (r(T7"v, + P)) = + 7 +::27T¢¢,
1 2

0 r
(87' e ’Urar) 7'('7777 = — |:7T7777 — _Z <§ - l)} 3
YrTr T T

1 2 0 rvr
(87' —|_ ’Ura?”) 7T¢¢ = —— 7T¢¢ — —T} - — Rl c
Yo T r2 \ 3 T

Close equations with EOS p(e) where e =T""—v, 7" and v, =T"" /(T""+P).

Ulrich Heinz Viscous relativistic hydrodynamics (2006 RHIC & AGS Users Meeting, 6/7,/06) 12(16)



(141)-d viscous hydrodynamics: first results (1)
(Chaudhuri & Heinz, nucl-th/0504022)

Viscosity effects on freeze-out surface (7, = 32, 777, = 21);

— 2p2 "inl T 37y
10+
8- No phase transition | No phase transition
T=3GeV, 1=5fm T=5GeV,1=.1fm
8_
6 n/s=0 n/s=0
n/s=.08 n/s=.08
— n/s=.135 — n/s=.13%
= &
44 N
2_
0.10.16
0 2 4 6 8 10 0 2 4 6 8 10 12
r (fm) r (fm)

e Both sets of initial conditions have similar initial total entropy.
e Viscosity slows down cooling and gives more time for transverse expansion.

e Viscous effects are larger for smaller 7;, due to faster initial expansion rate.
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(141)-d viscous hydrodynamics: first results (ll)
(Chaudhuri & Heinz, nucl-th/0504022)

Sensitivity to initial 7", 2 and relaxation time 7, (7t = 160 MeV):

101

2
n/s = 0.135, =" 3—;72

ini

T=.3 GeV, 1=.5 fm, no phase transitign

n/s=0

n/s=.135,1 =1
__ n/s=135, 1 =51 ]

r (fm)

3 3 2
Tr = b, 4 =0.135 ™ = i {Ifi=3—;7i
101 T=.3 GeV, 1=.5 fm, no phase transitign 10+ T=.3 GeV, 1=.5 fm, no phase transitign
8- —r]/SZO g n/s=0
' n/s=.135, ', =.5 2n/3t s
. 6 - - L 6- —Peme
E - n/s=.135, m, =2n/3t E E
[ 4_ [ 4_ [
2-)\ 2_)\
_ 0\16 _ 16
0 2 4 6 8 10 12 0 2 4 6 8 10 12
r (fm) r (fm)
e Larger initial viscous pressures create larger overall viscous effects
(“memory effect”)
e Significant viscous effects for £ > [

At fixed g viscous effects increase with increasing relaxation time 7
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(141)-d viscous hydrodynamics: first results (I11)
(Chaudhuri & Heinz, nucl-th/0504022)

108 +———

102

EdN/d3p (GeV?)
|_\
o

1 1 1 1 1 1 1 1 1 1 1

Ti=0.3 GeV, 1;=0.5 fm

— id.
— n/s=0.08
— n/s=0.135

Viscous shear pressu-
re reduces longitudi-
nal work, but increa-
ses transverse flow

— same Initial con-

ditions vyield flatter
transverse momentum
0 _| | .

107 4 * spectra than for ideal
fluid dynamics

10-1 T [ LI L L R B B B T

0.0 0.5 1.0 1.5 2.0
PT (GeV)
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Summary

e Causal relativistic dissipative hydrodynamics requires solution of a cou-
pled set of (i) hydrodynamic equations with additional irreversible flow
corrections and (ii) kinetic relaxation equations for these irreversible
flows.

e Relaxation equations for dissipative flows are derived from a second-order
approach to implementing the 279 law of thermodynamics, keeping terms
up to second order in derivatives of equilibrium quantities.

e For each non-vanishing space-time component of the hydro equations, we
must solve one transport equation for each non-vanishing transport coef-
ficient (bulk viscosity, shear viscosity, heat conduction) = significantly
increased numerical complexity.

e (1+1)-dimensional viscous hydro is under investigation;
(2+1)-dimensional code is under construction.
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